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Introduction

Submerged water jet soil excavation is a typical water-soil interac-
tion problem that occurs widely in many engineering disciplines.
In hydraulic engineering, it is a model of scour downstream of
headcuts, culverts, or dam spillways. In port and waterway engi-
neering, harbor and channel dredging and the erosion of the chan-
nel bed or quay wall by the propellers of passing ships are also
typical water jet soil interaction problems. In ocean engineering,
trenching by impinging high-velocity (normally larger than 10 m=s)
water jet has been considered as an efficient method for cable and
pipeline burial operation in order to protect them from being dam-
aged by fishing or repetitive wave pounding. Due to its vast appli-
cations in different engineering disciplines, submerged water jet soil

excavation has long been a research concern for geophysicists,
hydrologists, and underwater engineers.

Notable works on jet scour include Aderibigbe and Rajaratnam
(1996), Hogg et al. (1997), Ade and Rajaratnam (1998), Mazurek
et al. (2001, 2003), Mazurek and Rajaratnam (2005), Mazurek and
Hossain (2007), Rajaratnam and Mazurek (2003), Ansari et al.
(2003), and Hill and Younkin (2006), to name a few. They con-
cerned both the effects of the nozzle configuration (i.e., planar
or circular, vertical or horizontal) and the soil type (i.e., cohesive
or noncohesive, loose or dense) on the temporal evolution of the
scour hole and its equilibrium profile. Perng and Capart (2008)
studied the traveling plane jet erosion of noncohesive soil in a tank
by experimental measurements and theoretical analysis. Yeh et al.
(2009) also tested the performance of traveling jets in sand beds.
The scour profile was found to be self-similar when normalized
by appropriate-length scales. Machin et al. (2001), Hettinger and
Machin (2005), and Machin and Allan (2011) conducted experi-
mental studies to develop an engineering model for jet trenching
in stiff clay. A soil-bearing capacity theory was proposed for the
trench depth prediction. Zhang et al. (2016, 2017) also conducted
experimental studies of jet trenching in stiff clay and proposed
empirical formulas to predict the performance of jet trenching.

There are some works on numerical simulation of water-soil
interaction problems based on two-fluid smoothed-particle hy-
drodynamics (SPH) approaches. Manenti et al. (2012) applied an
SPH-based numerical model to analyze the coupled fluid-sediment
dynamics induced by the rapid water discharge in an artificial
reservoir. Ulrich et al. (2013) studied the harbor bed erosion in-
duced by the starting propeller of a large full-scale container vessel.
Amicarelli et al. (2013, 2017) developed an SPH model based on
the mixture model. The model was validated on the results from
several experiments on erosional dam breaks. Wang et al. (2016b,
2018) proposed an incompressible smoothed-particle hydrodynam-
ics (ISPH) method to simulate the scouring processes under differ-
ent conditions. Concepts of numerical turbidity water particle and
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incipient motion were proposed to deal with the sediment entrain-
ment and erosion.

Recently, a two-fluid SPH mixture model to analyze the water
jet soil interaction problem was proposed by Wang et al. (2016a).
Key factors influencing the jet performance, namely, the internal
friction angle and the hydraulic conductivity of the soil, were in-
vestigated, which helps reveal the mechanisms of soil failure under
the impingement of a water jet. However, in this paper, the effects
of ambient water on the excavation operation were not taken into
consideration. In practical engineering, the operation environment
is often underwater, so it is very important to consider the effects of
the surrounding water on the excavation. More recently, in Wang
et al. (2017a, b), a dilatancy coupled SPH model was developed to
describe the effects of the ambient fluid on the granular flow.

In this paper, the proposed two-fluid SPH mixture model was
employed to analyze the problem of submerged water jet soil
excavation. The effects of nozzle diameter, jet velocity, height of
the nozzle exit above the soil surface, water flux, and soil cohesion
on the excavation were investigated, which helps reveal the charac-
teristics of water jet soil excavation. Computational results also
illustrate the critical role of dilatancy or compaction in linking co-
evolution of the solid volume fraction and pore fluid pressure during
the process of submerged water jet soil excavation. Thus they should
be considered in practical excavation engineering.

Mathematical Formulation

Water-Soil Mixture Model

In two-phase mixture theory (Bear and Buchlin 1991; Jackson
2000), each phase must satisfy individual balance laws for the
conservation of mass

dηρη
dt

¼ −ρη∇ · vη ð1Þ

and momentum

ρη
dηvη
dt

¼ ∇ · ση þ ρηgþ fη ð2Þ

where dηð·Þ=dt = material time derivative along the path of particles
of η phase (η ¼ l; s stands for fluid and solid, respectively); g =
gravitational acceleration; and fη = interaction force exerted on
phase η by the other phase (fl þ fs ¼ 0). Here, partial density
ρη, partial velocity vη, and partial stress σηðη ¼ l; sÞ for each phase
are defined as

ρη ¼ ϕη ~ρη; vη ¼ ~vη; σs ¼ ϕs ~σs; σl ¼ −pIþ ϕl ~τl ð3Þ
where ~ρη = intrinsic or true density of phase η; ~v = intrinsic veloc-
ity; ~σs = intrinsic stress of the soil; p = pore water pressure; ~τl =
intrinsic deviatoric stress tensor of water; and ϕη = volume fraction
of phase η, satisfying ϕl þ ϕs ¼ 1 for a saturated liquid-solid mix-
ture. The interaction force fs (i.e., −fl) is assumed to take the form

fs ¼ −ϕs∇pþ Cdðvl − vsÞ ð4Þ
where the first term on the right-hand side is a buoyancy force, and
the second term is an interphase resistance term, with Cd being the
drag coefficient. The value of Cd can be calculated according to
Darcy’s law (Wang et al. 2017b). With this in mind, the momentum
equations are rewritten as

ρl
dlvl
dt

¼ −ϕl∇pþ∇ · ðϕl ~τlÞ þ ρlg − Cdðvl − vsÞ ð5Þ

ρs
dsvs
dt

¼ −ϕs∇pþ ∇ · ðϕs ~σsÞ þ ρsgþ Cdðvl − vsÞ ð6Þ

Furthermore, a critical state theory (Pailha and Pouliquen 2009)
is employed to take the dilatancy effect into account. According to
this theory, the relation between the dilatancy angle ψ and the soil
volume fraction ϕs is given by Pailha et al. (2008)

1

ϕs

dϕs

dt
¼ − tanψjγ̇j ð7Þ

tanψ ¼ K3ðϕs − ϕeqÞ ð8Þ

where ϕeq = granular volume fraction obtained in the steady regime;
K3 = constant; γ̇ = shear rate tensor (γ̇ij ¼ ð1=2Þðvi;j þ vj;iÞ−
ð1=3Þvα;αδij); and jγ̇j = magnitude defined as the second invariant
of the shear rate tensor: jγ̇j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=2γ̇ijγ̇ij
p

. Eq. (7) can be derived
from the mass conservation equation and the definitions of the dilat-
ancy angle ψ and the strain γ (Andreotti et al. 2013). Eq. (8) is a
closure relation, obtained by fitting the experimental measurements.
In this study, K3 was set to 4.09, according to Pailha and Pouliquen
(2009).

Eqs. (7) and (8) describe the important role of the dilatancy
played in adjusting the friction between solid particles: the dilation
of a dense granular material (ϕs > ϕeq, ψ > 0) is accompanied by
an increase of the interstitial pore volume of the granular material
[because ðdϕsÞ=ðdtÞ < 0], which will result in a decrease of the
pore pressure, or equivalently an increase of the effective normal
stress acting on the solid skeleton. As a consequence, the fric-
tional force between particles will increase according to Coulomb’s
friction law. This trend will continue until dilation disappears,
i.e., ϕs ¼ ϕeq and ψ ¼ 0. A similar analysis leads to the fact that
the compaction of a loose granular material (ϕs < ϕeq, ψ < 0) will
result in an increase of the pore pressure, or equivalently a decrease
of the interparticle friction. This phenomenon is called pore pres-
sure feedback (Iverson 2000, 2005) and will be shown in the
present numerical simulation.

In order to close the momentum Eqs. (5) and (6), it is necessary
to specify the constitutive relations for the intrinsic stress tensors,
which will be described in the next subsection.

Constitutive Laws and Interaction Forces

In this study, the water phase was considered as a Newtonian
fluid, thus the constitutive law for Newtonian fluid was applicable.
In SPH method, the water is considered as a weakly compressible
fluid, where the pore water pressure is calculated by the equation of
state as (Monaghan 1994)

p ¼ B

��
~ρl

~ρl0

�
λ

− 1

�
ð9Þ

where ~ρl0 = referential true density of water; λ = constant normally
set to 7; and B = problem-dependent parameter that sets a limit to
the maximum change of water pressure.

Consider the soil as an elastic-perfectly plastic material with a
Drucker-Prager yield criterion

FðI1; J2Þ ¼
ffiffiffiffiffi
J2

p
þ αθ;ψI1 − kc;ψ ð10Þ

where I1 = first invariant of the total soil stress tensor ~σs; and
J2 = second invariant of the deviatoric soil stress tensor ~τs. Thus
I1 and J2 are defined as

© ASCE 04019016-2 J. Hydraul. Eng.
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I1 ¼ ~σxx
s þ ~σyy

s þ ~σzz
s ; J2 ¼

1

2
~ταβs ~ταβs ð11Þ

In Eq. (10), αθ;ψ and kc;ψ are constants that can be related to the
cohesion c and the internal friction angle θ (as well as the dilatancy
angle ψ if included) of the Mohr-Coulomb failure criterion
(Bui et al. 2008). For plane strain problem, αθ;ψ and kc;ψ are de-
termined by

αθ;ψ ¼ tanðθþ ψÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 12tan2ðθþ ψÞ

p ð12Þ

kc;ψ ¼ 3cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 12tan2ðθþ ψÞ

p ð13Þ

These two relations indicate that the change in volume fraction
(i.e., dilatancy) implies an additional contribution to the frictional
force due to the geometrical entanglement. Defining an apparent
internal friction angle θ 0 as θ 0 ≡ θþ ψ, it can be seen that the
dilatancy angle ψ plays the role of adjusting the apparent friction
angle θ 0. Thus dilatancy can not only adjust the effective normal
stress acting on the solid skeleton through the pore pressure feed-
back regime as mentioned previously, it can also adjust the friction
coefficient through the geometrical entanglement regime. Here it
should be pointed out that for dry granular materials only the sec-
ond regime is in effect, while for saturated granular materials both
regimes exist simultaneously and influence the mixture dynamics
drastically.

Two types of constitutive relation for the soil were implemented
in the simulation, according to the plasticity flow rule used to de-
scribe how the plasticity deformation takes place once the stress
threshold has been reached. In the case of associated flow rule,
the constitutive law of soil reads

~̇σαβ
s − ~σαγ

s ω̇βγ
s − ~σγβ

s ω̇αγ
s ¼ 2Gėαβs þ Kε̇γγs δαβ

− λ̇
�
3αθ;ψKδαβ þ G

� ffiffiffiffiffi
J2

p
~ταβs

	 ð14Þ

where ėαβs = deviatoric part of the strain rate tensor ε̇αβs ; G = shear
modulus; and K = bulk modulus. The left-hand side is, in fact, the
Jaumann rate, with ω̇αβ

s being the rotational rate tensor. The rate of
change of plastic multiplier λ̇ is calculated by

λ̇ ¼ 3αθ;ψKε̇γγs þ ðG= ffiffiffiffiffi
J2

p Þ ~ταβs ε̇αβs
9α2

θ;ψK þ G
ð15Þ

In the case of nonassociated flow rule, the constitutive relation
for soil is

~̇σαβ
s − ~σαγ

s ω̇βγ
s − ~σγβ

s ω̇αγ
s ¼ 2Gėαβs þ Kε̇γγs δαβ

− λ̇
�
9KðsinψÞδαβ þG

� ffiffiffiffiffi
J2

p
~ταβs

	
ð16Þ

where the rate of change of plastic multiplier λ̇ is

λ̇ ¼ 3αθ;ψKε̇γγs þ ðG= ffiffiffiffiffi
J2

p Þ ~ταβs ε̇αβs
27αθ;ψK sinψþG

ð17Þ

In the current study, a two-fluid SPH mixture model, combined
with the critical state theory and the elastoplastic constitutive rela-
tions, were proposed to describe the dilatancy or compaction effects
on the mixture dynamics. Interparticle friction enhancements by
both the pore pressure feedback and geometrical entanglement
regimes were taken into account in this model. It is the first time,

to the best of the authors’ knowledge, that such a combined model
has been proposed for saturated mixture flows. This work is a fur-
ther development of the work in Wang et al. (2017a, b). In Wang
et al. (2017a), the friction angle θwas adjusted empirically, while in
the current study, it was elegantly adjusted according to the critical
state theory, i.e., Eqs. (12) and (13). In addition, the cohesion effect
was considered in this study.

Numerical Methodology

SPH Model for Water-Soil Mixture

An in-house SPH code was developed to undertake the analysis
presented here for the problem of submerged water jet soil exca-
vation. In this section, the SPH implementation is not described in
detail; only some special numerical treatments and improvements
are presented instead. Interested readers are directed to Wang et al.
(2016a) for more information.

In the following, the subscripts a and b represent the water par-
ticles, and i and j are the soil particles. The SPH approximation for
the momentum equation of water is

dlvαa
dt

¼ −ϕa

X
b

mb

�
pa

ρ2a
þ pb

ρ2b
þ Πab

� ∂Wab

∂xαa

þ
X
b

mb

�
~ταβa ϕa

ρ2a
þ ~ταβb ϕb

ρ2b

� ∂Wab

∂xβa −X
i

mi
fαia
ρiρa

Wia þ gαa

ð18Þ

where Πab = artificial viscosity term added to prevent nonphysical
penetration of particles (Monaghan 1994); fia = Darcy’s drag force
between water particle i and soil particle a; and Wab is the kernel
function used in SPH interpolation approximation, which was
chosen as a Wendland quintic kernel function in this study (Wang
et al. 2016a).

The model uses both artificial and physical viscosity in the water
momentum balance equation. This combined use is frequently
avoided in dealing with rapidly varied flows (Amicarelli et al.
2017). For the submerged water jet excavation, artificial viscosity
was added to prevent particle penetrations but was so small that
it had little effect on the overall performance of the numerical
simulation.

The SPH approximation of the momentum equation of solid can
be derived analogously, however, with the buoyancy force −ϕs∇p
at solid particle i replaced by

−ϕi∇pi ≈ −ϕi

X
a

ma

ρa
ðpa − p 0

i Þ
∂Wia

∂xαi ð19Þ

where p 0
i = pore water pressure at the location of solid particle i,

obtained by using the normal SPH interpolation approximation

p 0
i ≈

X
a

ma

ρa
paWia ð20Þ

Here, p 0
i is introduced to obtain an antisymmetric discretization

of the pore pressure gradient term, which can avoid pore pressure
jump at the water-soil interface. This numerical instability, in some
cases, may lead to failure of the SPH application to submerged
granular flows (Bui et al. 2011).

© ASCE 04019016-3 J. Hydraul. Eng.
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Eq. (19) can also be derived using the transformation

−ϕi∇pi ¼ −ϕið∇pi − p 0
i∇1Þ ≈ −ϕi

X
a

ma

ρa
ðpa − p 0

i Þ
∂Wia

∂xαi
ð21Þ

which suggests that adding the term p 0
i does not cause any incon-

sistency in the gradient approximation for the pore water pressure.
Eq. (21) introduces pressure difference (i.e., relative pressure) into
the discrete particle approximation, and is usually preferred in SPH
formulations.

The momentum equation for solid is thus approximated as

dsvαi
dt

¼
X
j

mj

�
~σαβ
i ϕi

ρ2i
þ ~σαβ

j ϕj

ρ2j
þ Πijδαβ

� ∂Wij

∂xβi
− ϕi

X
a

ma

ρiρa
ðpa − p 0

i Þ
∂Wia

∂xαi þ
X
a

ma
fαia
ρiρa

Wia þ gαi

ð22Þ

Volume fraction ϕa for a water particle a is calculated accord-
ing to

ϕa ¼ 1 −X
j

mj

ρj
ϕjWaj ð23Þ

where the summation term gives soil volume fraction ϕs at the
position of water particle a. From Eq. (23), we also obtain

dlϕa

dt
¼ −X

j

mj

ρj
ϕjvαaj

∂Waj

∂xαa ð24Þ

which is actually the SPH approximation of the relation
dlϕl=dt ¼ −dlϕs=dt. In the current study, Eq. (24) was used in
each time step to calculate ðdlϕaÞ=ðdtÞ, which was then used to
get the value of ϕa by time stepping. In this study, a reinitialization
technique was employed for the calculation of ϕa, that is, after
every several time steps, ϕa was recalculated using Eq. (23). With
this reinitialization technique, the calculation was stable, and the
large gradient of ϕa at the interface of the water-soil mixture and
the ambient water can still be retained satisfactorily, which will be
shown subsequently.

Particles Shifting

In SPH, particles move along streamlines due to the Lagrangian
nature of this method. This may create problems in the particle dis-
tribution, which can ultimately lead to the simulation breakdown,
when nonphysical voids or cavities are created as particles cluster-
ing together in an anisotropic manner, making the SPH kernel sup-
port no longer complete. This will be shown subsequently. Xu et al.
(2009) and Shadloo et al. (2012) showed that introducing a particle-
shifting correction can prevent errors due to irregular particle
distributions. Lind et al. (2012) further extended the shifting
formulation for free-surface flows based on Fick’s law in order
to stabilize the particle motion and homogenize their distribution
in space. The key idea of the particle shifting is to modify the
particle positions xi as follows (Vacondio et al. 2013):

dxi

dt
¼ vi þ δvi ð25Þ

where δvi ¼ ith particle shifting vector given by

δvi ¼
χ
mT

X
j

mj
rij
r3ij

r20vmax ð26Þ

in which r0 ¼
P

j rij=N; mT ¼ P
j mj; χ = nondimensional

parameter; vmax = maximum velocity magnitude in the system;
and rij ¼ ri − rj. In this study, χ was set to 0.01 according to
Xu et al. (2009) and Vacondio et al. (2013).

Treatment of Plasticity

In this paper, the soil was modeled as an elastic-plastic material
whose constitutive law contains plasticity terms, as seen in Eqs. (14)
and (16). These terms need to be computed only when the stress
state is outside of the yield surface.

That means, in each time step, the elastic part of the stress rate
~̇σ�
αβ is calculated first and then the stress state at the next step ~σ�

αβ is
predicted using the one-step-forward Euler method as

~σ�
αβ ¼ ~σn

αβ þ ~̇σ�
αβΔt ð27Þ

Then the yielding state of the predicted stress ~σ�
αβ is determined

by the Drucker-Prager criterion in Eq. (10). If it is outside of the
yielding surface, the stress rate will be updated by adding the plas-
tic part of the stress rate (i.e., the terms with plasticity multiplier λ̇)

~̇σαβ ¼ ~̇σ�
αβ þ ~̇σpl

αβ ð28Þ

This corrected stress rate ~̇σαβ is then used to update the stress at
the next step with other fundamental variables by means of a
second-order leapfrog time-stepping algorithm. With this approach,
the stress rate can be determined explicitly. It is also convenient
to apply other kinds of solid constitutive relationships with rate
dependency, i.e., historic memory, within this framework.

Boundary Conditions

The determination of boundary conditions in the SPH method is
important and yet a challenging topic because of the Lagrangian
nature of the method. When a particle moves close to the boundary
of the domain, the kernel function Wab will be truncated by the
boundary, and the SPH approximation is no longer accurate, lead-
ing to the so-called problem of boundary deficiency. To overcome
this deficiency, several types of boundary treatment methods have
been developed, such as repulsive particles (Monaghan 1994),
ghost particles (Libersky and Petschek 1991), artificial particles
(Morris et al. 1997), and dynamic particles (Crespo et al. 2007;
Gomez-Gesteira et al. 2012), according to their characteristics.
More advanced boundary treatment methods can be seen in
Monaco et al. (2011), Amicarelli et al. (2013), and Ferrand et al.
(2013), where a general semianalytic approach for modeling solid
boundaries in the SPH method is proposed.

In this paper, the wall boundaries, including the tank wall and
the nozzle wall, were treated by the dynamic particle method, as
seen in Fig. 1. The main feature of these particles is that they satisfy
the same equations as the real particles. While remaining fixed in
position (for fixed boundaries) or movable according to some ex-
ternally imposed movements (for moving objects like gates and
wave makers), their physical variables, including density and pres-
sure, evolved with time according to the corresponding governing
equations. Because of this feature, they are called dynamic. This
method is easy to implement since the dynamic particles can be
calculated inside the same loops as real particles with a consider-
able saving of computational time.

© ASCE 04019016-4 J. Hydraul. Eng.
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Due to the symmetry of the computation domain, a symmetric
boundary was also introduced to reduce the computational cost.
The symmetric boundary was treated by the mirror particle method,
as also illustrated in Fig. 1. These particles were generated at run-
time and their positions and variables were obtained simply by
mirror reflection of their real counterparts in the fluid domain.

During the jetting process, water particles flow into the tank
through the nozzle. Particles in the nozzle were treated as dynamic
particles, i.e., their velocities were set to be the jet velocity while
other variables evolved as real particles. When they entered the
tank, they became real particles and the same amount of dynamic
particles were then generated at the entrance of the nozzle as sub-
stitutes, as illustrated in Fig. 2. In this way, the number of water
particles in the nozzle remained constant.

In this paper, the water level in the tank was kept not higher than
the tank side wall after the tank was filled. Since water particles
enter the tank from the nozzle continuously, to keep a fixed amount
of water in the tank, particles must overflow from the tank when
they reach the free surface. To treat the overflow condition, particles
that exceed the free surface were removed from the computation.
That is, they were not used as active particles in the computation any
longer. It was found that such a simple treatment about overflow
condition does not result any unstable phenomenon.

Reinitialization of Water Volume Fraction

The interface of the water-soil mixture and the ambient water was
in fact a singular surface for the water volume fraction ϕl, which
jumps across the interface from a lower value in the mixture to a
unit in the ambient fluid. In discretized form, the interface thus rep-
resents an abrupt transition zone of ϕl. Due to numerical dissipa-
tion, this transition zone might become wider and wider along with
the time stepping, leading to a smoothed variation of ϕl across
the interface, as seen in Fig. 3, which shows a mixture flow sub-
merged in water. To remedy this, a reinitialization technique, com-
monly used in the SPH method (Gomez-Gesteira et al. 2012), was
applied to the calculation of ϕl. In doing so, ϕl was recalculated
using Eq. (23) every several time steps. With this reinitialization
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Fig. 2. Inlet boundary treatment in the present SPH simulation.
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Fig. 1. Wall boundary and symmetric boundary treatments in the
present SPH simulation.
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Fig. 3. Simulation of water volume fraction: (a) without; and (b) with the reinitialization technique, for the case of a submerged mixture flow.
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technique, the transition zone was kept narrow, namely, the abrupt
change of the water volume fraction ϕl at the interface was main-
tained, as shown in Fig. 3.

Parallel Computing

The main disadvantage of particle-based methods is that they re-
quire a very large number of particles to obtain reliable numerical
results. Fortunately, it is relatively easy to parallelize particle meth-
ods and the massive parallel computation capabilities of modern
graphics processing units (GPUs) now make it possible to simulate
large systems at acceptable computational costs. Our SPH code is
parallelized using OpenACC, with the particle neighbors searching
using Thrust. OpenACC emerged in 2011 as a programming model
that uses high-level compiler directives to expose parallelism in
the code and to build the parallel code for a variety of accelerators.
Thrust is a parallel algorithms library that resembles the C++
Standard Template Library (STL). Its high-level interface greatly
enhances programmer productivity while enabling performance
portability between GPUs and multicore CPUs. The SPH code used
in this study was developed using the FortranN programming
language under the environment of the PGI Fortran compiler.

Computing with a GPU, it is not necessary to store the neigh-
boring particle list. The neighboring particles are searched when
needed. A fast searching technique is thus very important. Aided
by a background grid, the searching process consists of three steps,
i.e., the (cellID, particleID) hash table setup, the radix sort of the
hash table by the key cellID using Thrust, and scanning for the start
and end position of each cellID in the sorted hash table. All these
can be done efficiently within the GPU in parallel manner. Com-
munication between the GPU and CPU is only needed for postpro-
cess, thus this overhead is kept to a minimum.

Simulations and Results Analysis

Scour by Plane Horizontal Wall Jet

In this section, a local scour caused by a two-dimensional (2D)
plane wall jet is considered. Fig. 4 is a definition sketch for the
numerical model. The 2D rectangular tank containing water-soil
mixture was 4 m in length and 2 m in height. The thickness of the
water-soil mixture was 1 m. The nozzle had a width ofDj ¼ 0.1 m.
The velocity of the water jet Vj was 5 m=s. The main factors stud-
ied were the maximum depth of erosion ϵm occurring at a distance
of xm from the nozzle, as well as the characteristics of the dune that
forms at the downstream end of the scour hole, in terms of maxi-
mum height Δϵ and position xc. All these variables are functions
of time, as the profile of the scour hole evolves during the scour
process. Their values at the asymptotic (or equilibrium) state are
denoted by ϵm∞, xm∞, Δϵ∞, and xc∞, respectively. In this paper,

numerical simulations were conducted to study the time develop-
ment of the scour.

There were initially a total of 13,248 fluid particles and 6,552
solid particles generated regularly for the water and solid phases in
the tank, respectively. The initial particle spacing was 0.025 m.
Time step size Δt ¼ 5 × 10−6 s. Material properties used in the
calculation are given in Table 1. Here, an initially dense packing
soil was considered. For this case study, the soil was cohesionless.

The velocity field of the water phase during the scour process is
shown in Fig. 5. At the initial stage of the scour, due to the asym-
metric entrainment of the surrounding fluid, the main stream of the
water jet deflected upward, resulting in two counterrotating vortices
on both sides of it. Along with the erosion of the bed surface, a
scour hole developed and a third small vortex formed in it, just
beneath the main stream. The strength and position of these vortices
were variable with the development of the scour hole, leading to a
jet flow oscillating between a position along the bed and a position
in the horizontal direction, which is consistent with the experimen-
tal observations of Aderibigbe and Rajaratnam (1998). Movement
of water jet particles predicted by the SPH numerical model at
representative times are shown in Fig. 6. Water jet deflection and
entrainment of the surrounding water were well predicted by the
proposed SPH numerical model.

Fig. 7 shows the profiles of the scour hole at representative
times. Only short-term evolution of the scour hole is given here
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Y εm /2

Xd

Fig. 4. Submerged plane wall jet scour.

Table 1. Material properties used in the computation of submerged water
jet excavation

Property Value

True density of soil, ~ρs (kg=m3) 2,700
Young’s modulus of soil, E (MPa) 150
Poisson’s ratio of soil, ν 0.3
Internal friction angle of soil, θ ðdegreesÞ 20
Initial volume fraction of soil, ϕs0 0.55 (loose packing)

0.60 (dense packing)
Equilibrium volume fraction of soil, ϕeq 0.58
Hydraulic conductivity of soil, k (m=s) 0.001
Viscosity of water, μ (Pa · s) 0.001
Initial true density of water, ~ρf0 (kg=m3) 1,000
Parameter K3 in Eq. (8) 4.09
Cohesion of soil, c (kPa) 0–25

X(m)

Y
(m

)

0 0.5 1 1.5 2
0.5

1

1.5

2

bed surface

three vortices

Fig. 5. Velocity vectors of water particles during the process of scour.
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because of the time-consuming computation process. Chatterjee
et al. (1994) proposed an empirical equation for the maximum
scour depth at equilibrium as

ϵm∞
Dj

¼ 0.775Fj ð29Þ

where Fj = Froude number, Fj ¼ Vj=ðgDjÞ1=2. It is seen that the
SPH numerical results qualitatively agree with that predicted by
Eq. (29).

Rajaratnam (1981), Ali and Lim (1986), Ali and Neyshaboury
(1991), Mazurek et al. (2003), and many others conducted exper-
imental studies on this topic. They showed that the scour patterns
caused by jets were similar in shape as the scour progressed, and
thus could be described by a single parameter. Fig. 8 shows the
dimensionless shape of a scour hole with time evolution. As a result

of this, the parameter xd, the distance from the jet exit to the point
where ϵ ¼ ϵ=2, can be used to describe the bed configuration.

Although long-term simulation to the equilibrium state is hard to
reach in the numerical simulation, it is still helpful to investigate the
performance of the proposed SPH model in a long-term simulation.
Fig. 9 compares the scour profile at t ¼ 48 s given by the SPH
method with the experimental observations of the scour hole at
the equilibrium state. In this figure, the distance from the nozzle
to the crest of the dune, xc, is taken as the characteristic length to
normalize the longitudinal coordinate. It is seen that the long-term
simulation of the SPH model is still acceptable, compared with the
experimental observations. The validity of the proposed SPHmodel
is thus demonstrated.

Excavation by Plane Impinging Water Jet

As seen in Fig. 10, the 2D rectangular tank containing water-soil
mixture was 0.6 m in length and 0.4 m in height. The tank was
partially filled with water. The initial water level Dw was 0.3 m.
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Fig. 6. Movement of the water jet particles.
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At the bottom of the pure water, there was a layer of water-soil
mixture Dm ¼ 0.1 m thick. The inflow boundary corresponding
to the submerged vertical water jet (plane in 2D space) had a width
ofDj (m), placedHj (m) above the initial soil surface. The water jet
had a constant speed of Vj (m=s). Jetting began at t ¼ 0. After a
period of time, a crater with dunes formed in the granular bed due to
the impingement of the water jet. The width of the tank was two to
three times larger than the crater width. Numerical simulation
showed that soil near the side wall was almost static, i.e., the soil
surface there was almost unchanged. Thus the side wall had neg-
ligible effects on the soil deformation. The granular bed was also
thick enough that the bottom wall effect was also negligible.

In this study, the water level Dw in the tank was kept constant
and treated with the overflow condition. Infiltration or suction
from the tank wall during the excavation was not considered.
The initial water content, i.e., the water volume fraction ϕl, in the
granular-water mixture was designated. During the excavation pro-
cess, the water content was variable and evolved with the mixture
flow due to the relative motion between solid and fluid particles.

Material properties used in the calculation are given in Table 1.
Here, an initially loose packing soil was considered first. Dilatancy
effects of dense packing soil will be investigated subsequently.
Whether the soil was loose or dense was indicated by the initial
volume fraction of the soil ϕs0 relative to its equilibrium value ϕeq.

In this paper, only laminar flow was considered because for the
water jet excavation, the turbulence mixing region was small.

There were initially a total of 59,200 fluid particles and 21,120
solid particles generated regularly for the water and solid phases
in the half tank, respectively. The initial particle spacing was
0.00125 m. Numerical parameters were chosen as follows. The vir-
tual speed of sound for water cf ¼ 10–20 m=s and the speed of
sound for soil cs ¼ 215 m=s. The artificial viscosity parameters
were taken as α ¼ 0.1 and β ¼ 0. The artificial diffusive parameter
in δ-SPH method was set as δ ¼ 0.1 for both phases. For the re-
pulsive force, D ¼ 0.01 and r0 ¼ 0.00125 m. The time step size
Δt ¼ 2.5 × 10−6 s. For the meaning of the preceding numerical
parameters, please refer to Wang et al. (2016a). The nonassociated
flow rule with dilatancy angle given by Eq. (8) was implemented in
the calculation.

The jetting process was simulated by using the proposed two-
fluid SPH mixture model. Numerical simulation showed several
interesting characteristics of the submerged water jet excavation.
First, a pair of vortices can be seen at both sides of the jet core
region. As shown in Fig. 11, the vortices initiated at the beginning
of the jetting, and transported downward along with the jet. During
this period, the size of the vortices became larger and larger due
to the entrainment of the surrounding water. When impacting the
soil surface, the jet current deflected toward both sides along
the soil surface, which itself was undergoing deformation under
the impingement of the jet. The jet current was then almost reversed
by the curved crater profile.

Second, the contour plot for the water velocity component vy is
given in Fig. 12. It is seen that, in this case, the length of the jet
potential core region was about three times the nozzle width Dj.
The potential core region was the one close to the nozzle exit. Water
velocity in this region remained about the same as that at the nozzle
exit. Since the jet core region cannot touch the soil surface, the
excavation capacity was limited. Most of the kinematic energy of
the water particles was dissipated by the entrainment of surround-
ing water. Only the laminar water jet was considered here. The
length of the jet potential core region depends on the Reynolds
number VjDj=νl and the relative impinging height Hj=Dj. In
Beltaos and Rajaratnam (1973), a plane turbulent impinging air
jet was considered, where a much longer potential core region
(about 6.2–6.5 times Dj) was observed. The Reynolds number
of the water jet in the present simulations was much higher than
that of the air jet used in the experiments. Thus the turbulence in-
tensity made a big difference in jet performance. In addition, the
relative impinging height in the simulations was also much smaller
than that used in the experiments, which also may be one of the
reasons for the numerical discrepancy.

Third, as mentioned previously, in the case of high-velocity jet-
ting, numerical simulation with SPH results in unphysical voids in
the flow field. This is illustrated in Fig. 13. It can be seen that a pair
of symmetric voids (i.e., the white regions without particles in the
figure) forms near the nozzle exit at the initial stage of the jetting
and becomes larger and larger during the jetting process, leading to
an unphysical simulation of the water jetting. To remedy this, the
particle shifting technology was employed, as seen in Eq. (26). The
mechanism of this technology is to diffuse more water particles into
the voids and prevent the irregular particle distributions. Fig. 13
compares the flow fields near the nozzle exit before and after using
the particle shifting technology. It was observed that particles were
diffused into the voids efficiently by the employed particle shifting
technology. Although the positions of the particles were shifted,
the velocity of the particles remained. Thus, the conservation of
momentum was assured.
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Verification of the Two-Fluid SPH Analysis

Fig. 14 compares the numerical excavation profiles with the exper-
imental measurements of Akashi and Saito (1980). It can be seen
that the present numerical results agree well with the experimental
measurements. Not only the width and depth of the crater but also
the size and position of the dune are well predicted. In addition, it
can be seen that the excavation depth increases rapidly in the first

few seconds, followed by slow erosion. Thus soil excavation under
the water jet impingement develops in two stages. At the beginning
of the excavation, the soil breakage happens due to the soil failure
mechanism, which is characterized by the fast sliding of soil along
the shear band. Then at the later stage, the erosion mechanism be-
comes dominant and the solid particles at the soil surface are driven
to move due to the shear force of the water.
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Fig. 15 compares excavation profiles predicted by different
numerical approaches. Ikari et al. (2015) presented an moving par-
ticle semi-implicit (MPS) method-based simulation of excavation
due to a submerged vertical jet with a sub-particle-scale suspended

load model. Numerical results given by the commercial numerical
software Fluent (Yuan et al. 2018) are also shown for comparison. It
is seen that the shapes of the crater obtained by the proposed SPH
model show good agreement with the ones given by the MPS
method, especially at the initial stage. The discrepancy at a later
stage may be due to the particle suspension. In fact, during the
second stage of the excavation, a large number of solid particles sus-
pended in the crater can be observed from the present SPH numerical
simulations. The sub-particle-scale suspended load model used by
Ikari et al. (2015) in MPS simulation may help to move these par-
ticles, as demonstrated in Fig. 15. While Fluent gives a moderate
crater depth, the position of the dune is not satisfactory. In granular
flows with high solid volume fraction, Fluent uses Schaeffer’s ex-
pression (Schaeffer 1987)

μfr ¼
ps sin θ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
I2ðėijÞ

p ð30Þ

to account for the friction between particles, where ps = solid
pressure; and I2 = second invariant of the deviatoric strain rate tensor
ėij. This frictional stress is then added to the stress predicted
by the kinetic theory when the solids volume fraction exceeds a
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certain critical value. However, Schaeffer (1987) pointed out that
the governing equations that include the expression for the friction
viscosity in Eq. (30) are ill posed, which may be the reason Fluent
cannot predict the excavation process satisfactorily.

As seen in Figs. 14 and 15, the depth of the crater in this paper
is underestimated in comparison with experimental results and the
MPS model. For the excavation problem considered here, the in-
stantaneous deformation and failure of the granular material is con-
cerned. It is assumed in the present study that the particle-particle
friction make up the dominant contribution to the total stress as-
sociated with granular material. The contribution associated with
the suspension, sedimentation, and instantaneous collision is less
important and negligible compared with the interparticle friction.
However, at the later stage of the excavation, these loads show their
importance gradually and the resulting stresses need to be taken
into account. Another reason may be due to the turbulence behavior
of the water jet, which is not taken into consideration in this model.
Although some reasons accountable for the underestimation of the
crater depth are proposed here, they still need to be investigated
carefully in the future.

Excavation Performance Analysis

In engineering practice, the excavation capability of the water jet is
of great importance. In this section, the effects of jetting velocity
Vj, nozzle width Dj, and impact distance Hj on the excavation
performance are investigated.

Fig. 16 shows the time evolution of the crater depth at x ¼ 0 (the
impingement point) under different jetting velocities, compared
with the experimental measurements of Akashi and Saito (1980).
In this case, the nozzle width Dj and the impact distance Hj were
fixed at 0.02 and 0.1 m, respectively. It is seen that, during the first
few seconds, the depth increased rapidly, while at the later stage
the depth increased slowly to its equilibrium state. In fact, it takes

a very long time, say more than 1 h, to reach the equilibrium state,
as observed in the physical experiments of Akashi and Saito
(1980). In the current numerical simulation, excavation processes
of tens of seconds were given and evolutions of the crater size dur-
ing the later stage were only creeping. For most of the engineering
applications, excavation performance at the first few seconds is of
great importance. Thus, from now on, only the short-term evolution
of the crater size is a concern, while the long-term evolution will
not be demonstrated. A good agreement on the short-term evolution
of crater depth between the numerical simulations and the exper-
imental observations can be seen in Fig. 16.

Fig. 17 shows the crater profiles at t ¼ 3 s for different jetting
velocities. It is seen that with the increase of jetting velocity, the
depth of the crater increases remarkably. Approximately, the
short-term crater depth (e.g., for t ¼ 3 s) is in the order of magni-
tude OðV2

jÞ. Thus increasing the jetting velocity is an efficient way
to enlarge the crater depth.

Although the maximum velocity in the preceding calculations
was 2 m=s, much larger jetting velocities are still applicable in
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Fig. 15. Crater profiles compared with other numerical models, in the
case of Dj ¼ 0.02 m, Hj ¼ 0.1 m, and Vj ¼ 0.74 m=s.
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the proposed SPH model if the geometrical length scale of the stud-
ied problem is large enough, as illustrated in the previous wall jet
scour case. However, this would result in a huge increase of the
computational costs. In fact, in the current study, due to the explicit
time-stepping algorithm used in the model, the applicable range of
jetting velocity is dependent on the Courant-Friedrich-Levy (CFL)
condition

Δt ≤ Ccourminðh=cs; h=cfÞ ð31Þ

where Ccour = Courant coefficient; h = smoothing length of par-
ticles; and cs and cf = virtual sound speed of solid and water, re-
spectively. If large jetting velocity is used, small time step size or
large particle spacing should be employed. This is already illustrated
in the wall jet scouring case. In the current impinging jet excavation
model, the dimensions of the rectangular tank and the particle num-
ber in it were fixed. In order to simulate high-velocity water jet ex-
cavation, a very small time step size should be used. If the total time
steps are constant, we can get only a very short time simulation of
the excavation process.

Fig. 18 shows the crater profiles at a certain instant t ¼ 3 s with
different nozzle widths Dj. As expected, the crater size increases
with the increase of nozzle width, especially the crater width. Thus,
for some excavation operations, such as trenching in pipeline
engineering, a wide nozzle can be used to obtain a wide trench
for large pipelines.

Aderibigbe and Rajaratnam (1996) studied the erosion of loose
beds of sand by submerged circular impinging vertical turbulent
jets. They revealed two major flow regimes referred to as the
strongly deflected (SD) and the weakly deflected (WD) jet regimes.
In Moore and Masch (1962), two types of scour holes, one being
wide and shallow and the other being deep and narrow, were also
found to exist. The conditions of their occurrence were established
according to the height of the nozzle exit above the soil surface,
i.e., the impinging height Hj in this paper. This effect was also in-
vestigated in the current numerical simulation. Fig. 19 gives the
crater profiles under different impinging heights Hj. It is seen that
the crater depth increased with the decrease of the impinging
height. Especially, the crater profile made a big difference with
the impinging heights. For a very small impinging height, the crater
profile exhibited a headstand Ω-shape, while a shallow U-shape
was formed for larger impinging height. This is reasonable because
for the lower Hj values, the potential core of the water jet struck
directly on the soil surface and the jet was almost completely re-
versed. For the higherHj values, the potential core of the jet did not
strike the sample and the jet was of broader extent, causing a
relatively wide and shallow scour hole.

In practical engineering, a question about the efficiency of the
jetting operation is which choice, with the same jet fluxQ ¼ DjVj,

either using lower Vj with largerDj or using higher Vj with smaller
Dj, is more efficient in terms of crater depth. Fig. 20 answers this
question. It is seen that with a smaller nozzle but a higher jetting
velocity, the crater is deeper. However, the width is almost the
same. Thus, in order to obtain a deeper crater, a smaller nozzle with
a higher jetting velocity is recommended.

Effects of Cohesion and Dilatancy

Having considered the effects of the nozzle, now we investigated
the effects of soil parameters. In Wang et al. (2016a), the effects of
internal friction angle and hydraulic conductivity on the excavation
profiles were investigated. In the current study, however, some
other factors that may also contribute to the formation of the differ-
ent profiles were found. For example, cohesion of soil is also a
factor affecting the excavation process. The effect of cohesion on
scour has been discussed by Ansari et al. (2003), Mazurek et al.
(2003), and Mazurek and Hossain (2007). Mazurek and Hossain
(2007) found that excavation in cohesionless and cohesive soils
varies appreciably, which makes developing a unified method to
predict scour by impinging jets more difficult. In the present study,
however, effects of cohesion on the excavation can be easily taken
into account. Granular materials, such as sand or glass beads, are
cohesionless, while some hard clay can have a cohesion in magni-
tude of tens of kilopascals. Fig. 21 shows the crater profiles formed
in both cohesive and cohesionless soils, respectively. Cohesion
ranging from 50 Pa to 25 kPa was investigated. It is seen that in
a cohesive soil, a smaller excavation was obtained due to the higher
strength of this kind of soil. Excavation would be difficult in a hard
clay with 25-kPa cohesive force.
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Fig. 18. Crater profiles under different nozzle widthsDj, in the case of
Vj ¼ 1 m=s and Hj ¼ 0.1 m.
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Fig. 19. Crater profiles under different impinging heights Hj, in the
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In addition, it was found that dilatancy or compaction of soil can
have prominent effects on the excavation profile. According to the
theory of critical state, loose packing material exhibits compaction
when subjected to large deformation. As a result of the compaction,
the interstitial pore water is squeezed out from the soil, increasing
the pore-water pressure or equivalently decreasing the efficient
pressure acting on the solid skeleton, which in turn decreases the
Coulomb friction between solid particles and thereby enhances the
mobility of the soil. On the contrary, dense soil undergoes dilat-
ancy, which increases the friction and decreases the mobility of the
soil. Effects of dilatancy or compaction on the submerged water jet
soil excavation are illustrated in Fig. 22. It is shown that dilatancy
or compaction had a great influence on the shape of the excavation

hole. When the mixture was initially dense packed, the excavation
hole was shallow and narrow. Increase of the water content im-
proved the soil mobility. This conclusion is generally consistent
with that of Nguyen et al. (2017) where the influence of water con-
tent on the erosion parameters of a silty soil was investigated using
an improved jet erosion test device. Specially, in Nguyen et al.
(2017), a Proctor optimum value of the water content was reported
due to the fabric of the soil, which depends highly on the per-
meability or infiltration of the pore water. In the current study, the
permeability (i.e., the hydraulic conductivity) was constant, thus
the coupled effects of the water content and soil permeability on the
excavation were not investigated here.

Fig. 23 shows the pore water pressure field at the initial static
state and t ¼ 1 s, respectively. According to the theory of critical
state, dense packing material exhibits dilation subject to a shear. As
a result of the dilation, the interstitial pore water is sucked in from
the ambient water, giving rise to a negative excess pore pressure
field. Here, negative means the pressure is lower than the hydro-
static pressure of the surrounding fluid at the same depth, as shown
in Fig. 23. This pore water feedback mechanism explains the
dilatancy effects on dense granular saturated mixture flows.

Conclusions

In this paper, submerged soil excavation by high-velocity water jet
was investigated by means of a two-fluid smoothed-particle hydro-
dynamics method. A critical state theory was coupled to account
for the dilatancy or compaction effects of the soil on the excavation
performance. A reinitialization technique was developed in the
SPH approach to retain the abrupt change of the water volume frac-
tion at the interface of the granular material and the surrounding
fluid. An alternative treatment of the pressure term in the momen-
tum equation for fluid also helped to reduce the numerical insta-
bility in the calculation of fluid phase. Some special treatments of
inflow and overflow conditions, as well as improvements to avoid
unphysical voids in flow fields, were presented.

Numerical simulations for excavations by plane wall jet and ver-
tical impinging jet were presented. The numerical results agreed
well with other researchers’ numerical and experimental results.
The effects of the nozzle width, impinging height, jetting velocity,
and water flux on the formation of different crater patterns were
examined. Soil parameters, such as cohesion and dilatancy, were
also studied. Cohesions in the range of 50 Pa to 25 kPa were appli-
cable in the proposed SPH model. The jetting velocities Vj less than
5 m=s were illustrated in the simulation, although higher jetting
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Fig. 23. Water pressure fields at the initial stage of the dense soil excavation (Dj ¼ 0.04 m, Vj ¼ 1 m=s, Hj ¼ 0.1 m, and ϕs0 ¼ 0.60).
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velocities are also applicable if large geometric models are consid-
ered. Computational results illustrated the critical role of dilatancy
in linking coevolution of the solid volume fraction and pore fluid
pressure, by modifying the Coulomb friction, and thereby regulating
the dynamics of soil deformation. The proposed method is robust
and efficient, and can be applied to water-soil mixture flows in sub-
sea engineering and geomechanics.

Although short-term simulations show good agreement with
other researchers’ experimental and numerical results, long-term
simulations still need to be conducted in the future. Long-term sim-
ulation requires developments on fast computing algorithms and
the corresponding computer hardware. Recent developments on
GPU-based numerical simulation techniques provide us with an ap-
proach to solve this problem. Large-scale GPU-based simulation of
the excavation process using the proposed two-fluid SPH model
will be performed in the future.

In this paper, large deformation and failure of soil under the
impingement of high-velocity water jet were investigated, where
the soil was considered as an elastoplastic material. However,
as mentioned, during the excavation process different regimes of
water-granular interaction exist and make dominant contributions
at different stages, such as transportation of suspended load and
sedimentation. In addition, effects of turbulence of water jet on the
excavation were also prominent in the mixture flow. Thus, in order
to predict the evolution of the excavation, it is necessary to take all
these flow regimes into account. However, these would be topics
for the future.
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